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Loading–unloadingNormal contact deformation of an asperity and a rigid ﬂat is studied within an axisymmetric ﬁnite ele-
ment model. The asperity features a sinusoidal proﬁle and is elastic–plastic with linear strain hardening.
Inﬂuences of geometrical (asperity height and width) and loading (the maximum interference) parame-
ters on frictionless contact responses are explored for both loading and unloading. Dimensionless expres-
sions for contact size and pressures covering a large range of interference and asperity ratio values are
obtained in power-law forms. Results show the mean contact pressure after fully-plastic contact reaches
a plateau only for small asperity ratios, while it continues increasing for large asperity ratios. The residual
depth is found to be associated with plastically dissipated energy.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
An insight into the contact behavior of a single asperity is
necessary for understanding many surface-related problems, such
as indentation, compaction of powders, thermal and electrical
contacts (Chen et al., 2011; Liu et al., 2012). Moreover, the overall
contact behavior of realistic rough surfaces involving numerous
asperities can be deduced by resorting to the individual deforma-
tion of a single asperity, which serves as an elementary ‘‘brick’’
in the statistical asperity-based models (Greenwood and
Williamson, 1966; Bush et al., 1975; Bhushan, 1998; Zhao et al.,
2000; Gao et al., 2006), in which contact between rough surfaces
is assumed to occur on discretely separated regions, and the load
is solely borne by the tips of independent asperities (asperity
interactions are neglected) (Chang et al., 1987; Kucharski et al.,
1994; Chang, 1997; Peng and Bhushan, 2001). However, analytical
achievements (e.g. results from purely statistical model) seem
unphysical and contrary to natural belief (Greenwood, 2006;
Jackson, 2010).
Due to complexities of contact problem, closed-form solutions
are restricted to a limited number of cases (e.g. inﬁnitesimal defor-
mation, purely plastic (Kucharski et al., 1994), and ideally smooth
surfaces of purely elastic deformation under frictionless contact
(Hertz, 1882; Greenwood and Williamson, 1966)). It is difﬁcult
for theoretical models to account for material and geometrical
non-linearity (e.g. large deformations, complex material models).In practice, plastic deformation and elastic–plastic contact are
inevitable (Pei et al., 2005; Etsion et al., 2005). Direct application
of linear elastic solutions leads to unrealistically large local contact
pressures (Bucher et al., 2002; Peng et al., 2004). Assumptions (e.g.
the uniform distribution of contact pressure (Evseev et al., 1991;
Kogut and Etsion, 2002)) and simpliﬁcations (e.g. the neglect of
volume conservation for plastic deformation Abbott and
Firestone, 1933) in theoretical models can lead to unreasonable
predictions (e.g. transition from elastic to fully plastic contact
was found to be discontinuous (Majumdar and Bhushan, 1991;
Chang, 1997), and the real contact area for elastic–plastic contact
was found to be smaller than that for the elastic contact (Chang
et al. (1987)), contradicting experimental observations (Powierza
et al., 1992) and physical intuition.
Finite element method is powerful for modeling complex geom-
etries (Peng et al., 2004; Liu et al., 2012; Yang, 2012; Gadelrab and
Chiesa, 2013), materials and structures (Liu and Yang, 2012, 2014).
Substantial differences between ﬁnite element simulations and
theoretical models are expected (Kogut and Etsion, 2002) (e.g.
the ﬁve deformation regimes (Song and Komvopoulos, 2013) are
different from the three deformation regimes in the classical con-
tact mechanics (Johnson, 1985)). Encouraging progress in model-
ing inelastic contact involving large deformation and plastic ﬂow
has been made by recourse to ﬁnite element calculation. A break-
through was made by Kucharski et al. (1994), who carried out
ﬁnite element simulation of contact between an elastic–plastic
sphere and a rigid plane, and combined load-approach and load-
contact area relations for an individual contact with a statistical
description of rough surfaces to model contact between rough
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models. A pioneering work on ﬁnite element analysis of contact
deformation was made by Kogut and Etsion (2002), who presented
the evolution of the plastic zone in an elastic–plastic sphere
pressed by a rigid plane in an axisymmetric model. Etsion et al.
(2005) presented an axisymmetric ﬁnite element analysis of con-
tact between an elastic-perfectly plastic sphere and a rigid plane
with the assumption of small strain. They investigated effects of
both geometrical and material parameters, and found Johnson’s
simpliﬁed approach (Johnson, 1985) was invalid for analyzing
unloading process due to the highly non-uniform residual local
curvature. A signiﬁcant step towards understanding the displace-
ment and stress ﬁelds of contact between an elastic-perfectly plas-
tic solid with sinusoidal surface and a rigid plane was made by Gao
et al. (2006), who conducted a parametric study and found the
dimensionless governing parameters using a two-dimensional
ﬁnite element model with the assumption of inﬁnitesimal plane
strain deformation. A hybrid scheme was used in Yastrebov et al.
(2011), who identiﬁed contact responses of an isolated asperity
via ﬁnite element simulation and compared the results for contact
of rough surfaces between three-dimensional ﬁnite element calcu-
lation and the asperity-based model with experimentally mea-
sured surfaces.
Although it is suggested to abandon the concept of peaks or
summits representing asperities (Greenwood and Wu, 2001),
asperity-based models with the constitutive equations (e.g. contact
area-load and pressure-separation relationships) of an individual
asperity can be incorporated into a statistic model for analyzing
contact response of the whole rough surface (Jackson and Green,
2005; Kadin et al., 2006; Jackson and Streator, 2006). Surface asper-
ities can be represented by various curved surfaces (Greenwood,
1967), such as hemispheres (Greenwood and Williamson, 1966,
1970; Zhao et al., 2000; Peng and Bhushan, 2001; Etsion et al.,
2005; Li et al., 2010), columns (Jones, 2004), paraboloids with ellip-
tic cross-sections (Greenwood and Tripp, 1970; Nayak, 1971; Bush
et al., 1975, 1976; Buczkowski and Kleiber, 2006; Greenwood,
2006). Much attention has been paid to a sinusoidal proﬁle of a
non-uniform curvature (Gao et al., 2006; Jackson, 2010; Wilson
et al., 2010). Large contact deformation of a non-uniform curvature
is challenging and different from small contacts (e.g. the equiva-
lence between contact of two curved surfaces and contact of a rigid
ﬂat and a deformable curved surfacewith effectivematerial proper-
ties and proﬁle (Greenwood and Tripp, 1970; O’Callaghan and
Cameron, 1976; Francis, 1977; Johnson, 1985; Bucher et al., 2002;
Buczkowski and Kleiber, 2006), which is applicable for Hertian
domain, is invalid for large contact deformation of a asperity with
a variable curvature). Finite element method is used in this paper
with the goal of obtaining the dimensionless constitutive relations
for the normal contact behavior of a sinusoidal asperity and a rigid
plane under large deformation and various geometrical parameters
for both loading and unloading.2. Problem formulation and ﬁnite element modeling
Consider an elastic–plastic solid with a sinusoidal proﬁle
brought normally into contact with a rigid plane, since among
the two contacting bodies, one is usually rigid, smooth and per-
fectly ﬂat (Hertz, 1882; Bhushan, 1996; Gao and Bower, 2006;
Chen et al., 2011), and the surface proﬁle is only on the other con-
tacting body. The contact is frictionless, since friction was usually
omitted (Kucharski et al., 1994; Chen et al., 2011), and the differ-
ence between perfect slip and full stick are negligible (Chatterjee
and Sahoo, 2012). Only the loading process was focused in previous
studies (Kucharski et al., 1994; Buczkowski and Kleiber, 2006; Gao
et al., 2006; Chen et al., 2011; Yastrebov et al., 2011; Chatterjee andSahoo, 2012; Song and Komvopoulos, 2013). Both loading and
unloading are considered in this work.
The generally accepted von-Mises yield criterion, which corre-
lates well with experiments (Bhushan, 1996) for a lot of materials
(e.g. steel, copper, etc.) (Pei et al., 2005), is used with the Prandtl-
Reuss constitutive law governing the stress–strain state in the
plastic zones. Elastic-perfectly plastic material are usually focused
in previous work, with strain hardening being left for future work
(Jackson and Green, 2005). A linear strain-hardening law is used
with tangent modulus (Et) being the slope of the stress-plastic
strain curve beyond the elastic limit. The mechanical properties
are from gold due to its linear relationship between load and
reduction area, and the similarity between load-reduction area
and stress–strain curves. The default values are: elastic modulus
E ¼ 60 GPa; Poisson’s ratio t ¼ 0:42 (Du et al., 2007; Liu et al.,
2012); yield stress ry ¼ 0:33 GPa; tangent modulus Et ¼ 1:07 GPa.
Et is less than 0.02E, which is the upper limit of many practical
materials (Carmichael, 1955; Galambos, 1998). The isotropic linear
hardening material renders the same results as elastic-perfectly
plastic material (Brizmer et al., 2006), since Et up to 0:1E has neg-
ligible effect on frictionless and nonadhesive contact (Kogut and
Etsion, 2002).
An axisymmetric model about z-axis is considered. In order
to generate the asperity surface on a large bulk, which occupies
the region h 6 z 6 0 and 0 6 r 6 w, the medium occupying the
region k=5 6 z 6 0 and 0 6 r 6 k=2 is displaced upward in the
way that the bottom surface remains unchanged and the top sur-
face representing the asperity has new coordinates as
zðrÞ ¼ g½cosð2pr=kÞ þ 1=2 for ð0 6 r 6 k=2Þ ð1Þ
where g and k represent height and width of the asperity. The rigid
plane is ﬁxed at z ¼ g. The asperity ratio is deﬁned as gk ¼ g=k. For
the representative part of the surface spectrum of most engineering
surfaces, the asperity height (roughness amplitude) is signiﬁcantly
smaller than the asperity width (wavelength): 0:02 6 gk < 0:2
(Gao et al., 2006). Our attention is restricted to the range
0:01 6 gk 6 0:4, which was found reasonable for polished alloy
Norem (Yastrebov et al., 2011). The asperity width ranges from
50 nm to 250 nm, since asperities are in dimensions of about
hundred nanometers (Timsit, 2006). Fig. 1 shows a typical mesh
of about 42,500 elements for an asperity with k = 100 nm, gk = 0.1.
Linear elements are used due to its contact accuracy (Pei et al.,
2005). A semi-inﬁnite solid can be approximated as long as the
height and width are larger than 3 times the asperity width (Gao
et al., 2006), and it is set h ¼ 66g and w ¼ 8k.
The quasi-stationary simulations are performed with the ﬁnite
element package Z-set (Mines ParisTech, 2012), using an updated
Lagrangian formulation and a co-rotational framework accounting
for ﬁnite strain and large displacement. The sparse DSCPACK solver
(Raghavan, 2002) is used for local resolution. Radial displacements
are ﬁxed along the rotational axis, the circumferential edge, and
the base of the whole structure. The deformable solid is brought
into contact with the rigid plane by a vertical displacement, d,
imposed uniformly on the bottom surface, to a maximum value
dmax < g, and then the displacement decreases until there is no
contact between the asperity and the ﬂat. The classical Hertz–
Signorini–Moreau (Wriggers, 2006) conditions for frictionless con-
tact are expressed by (Yastrebov et al., 2011)
rngn ¼ 0; rn 6 0; gn P 0; rt ¼ 0 ð2Þ
where rn ¼ n  r  n is the normal stress on the contact surface, and
gn is the normal gap between the deformable solid and the rigid
plane. The contact algorithm enforces the impenetrability con-
straint on the contact surfaces. This method does not introduce
additional degrees of freedom (it is the case for Lagrangian multi-
plier method, and the augmented Lagrangian method (Peng et al.,
Fig. 1. An axisymmetric mesh for contact of a sinusoidal asperity and a rigid ﬂat (k = 100 nm, gk = 0.1, w ¼ 800 nm,h ¼ 660 nm).
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etrations and ill-conditioning of the tangent matrix (it is the case for
the penalty method). Moreover, it outperforms the aforementioned
methods in terms of robustness and convergence rate.
3. Results and discussion
It is expected that the problem for a sinusoidal shape is scalable
by its characteristic dimension, similar to contact of a sphere,
which can be scaled by its radius (Kucharski et al., 1994). The
dimensionless contact radius ak, interference dg , mean contact
pressure pm and nominal contact pressure p are deﬁned as














where a is the real contact radius, F is the reaction force of a positive
value, Ar is the real contact area (Ar ¼ pa2), and An is the nominal
contact area (An ¼ pk2=4).
3.1. Stress, strain, and displacement
Fig. 2(a) shows the variations of the maximum effective Mises
stress r (r ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3sijsijp =2; sij is the deviatoric part of the stress ten-
sor) normalized by yield stress ry, and the maximum accumulated






; X is the strain path
tracking the accumulation of plasticity, and depij denote increment
components of plastic strain tensor), with dg during both loading
and unloading for two different asperity widths. The plateau of
unloading e curves indicates nonexistence of plastic deformation
during unloading, coinciding with the general agreement (Poon
et al., 2008). The increase of strain hardening prevents lateral
expansion of the plastic zone, and increases von-Mises stress and
the contact pressure (Childs, 1977). Under large deformation, plas-
tic deformation is dominant with active plasticity. When plastic
deformation is effective, even a light mechanical load can cause
localized plastic deformation in the tips of asperities, and initial
yielding occurs at a sufﬁciently small dg , which is consistent with
the ﬁnding in Pei et al. (2005) and the straightforward assumption
in Bowden and Tabor (1939) that plastic deformation occurs at ini-
tiation of contact. Although stress is limited by the ﬂow stress
(Chen et al., 2011), there is an unlimited and non-stop growing
of work hardening for linear hardening material. The normalizedresults under different asperity widths cover each other, and effect
of asperity width on the normalized results can be annulled, which
was also found in Gao and Bower (2006). Therefore, surface defor-
mations of different dimensions are self-similar, and contact
behavior can be scaled by asperity width (or height) and yield
stress.
Fig. 2(b) shows distributions of axial and radial displacements
on the top surface of the asperity at ﬁnal loading and unloading.
The radial coordinate r, is from the undeformed shape and normal-
ized by one half of the asperity ratio (rk ¼ r=ðk=2Þ). Displacements
are normalized with respect to asperity height. The normal dis-
placement within the contact region is mainly determined by geo-
metrical constraints, indicating the shape of the asperity. The
transition of normal displacement near contact edge indicates
pile-up of material around the contact edge on the surface, which
is consistent with the ﬁnding that the displaced material reappears
as a rise of non-contacting surface (Pullen and Williamson, 1972).
The radial displacement, which is expected due to the perfectly slip
condition, is not negligibly small compared to axial displacement,
since plasticity drives the contact size mainly in the lateral direc-
tion. The radial displacement indicates the lateral expansion of
material, which is the cause of the increase of contact area,
together with the pile-up satisﬁes the requirement of volume con-
servation. There is little change of radial displacement after the
maximum loading, in line with the common knowledge that con-
tact size at the maximum loading can be determined by measuring
the contact size after the removal of the indenter, since unloading
process does not change the relative position on the surface.
Fig. 2(c) compares the variation of ep with normalized interfer-
ence for different gk. Under fully-plastic contact, the maximum
accumulated plastic strain is located at the contact edge. For small
gk, plastic deformation is contained below the surface, and plastic
strains remain small, which is consistent with the ﬁndings in Gao
et al. (2006). Large asperity ratios results in large plastic deforma-
tion under the same dg , consisting with previous studies showing
that sharper tips would undergo plastic deformation, while blunter
tips would be deformed elastically (Greenwood and Wu, 2001;
Majumdar and Bhushan, 1991). One can predict the severity of
loading based on surface features: plastic deformation is more
severe for asperities with larger asperity ratios (i.e. sharper tips)
producing more work hardening, which is consistent with the lar-
ger mean pressure. Therefore, smoother surfaces are beneﬁcial for
reducing or preventing plastic deformation, which is consistent
with prior ﬁnding (Johnson, 1985) and practical recommendations.
(a) (b)
(c)
Fig. 2. Responses of stress, displacement, and strain: (a) variations of r=ry and e with dg for different asperity widths (gk ¼ 0:08); (b) distributions of normal and radial
displacements on the top surface of the asperity at ﬁnal loading (indicated by ‘‘L’’) and unloading (indicated by ‘‘U’’) (k = 120 nm, gk = 0.08, dmax = 0.7) (c) variation of ewith dg
under different gk (k = 120 nm).
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by the contact is of critical importance (Gao et al., 2006). Under
lighter loads, there is only elastic deformation, and contact pres-
sure is not uniform, as expected (Gao and Bower, 2006). The plastic
zone initiates at the subsurface and reaches the surface at a very
small interference. Fig. 3(a) and (b) show distributions of normal-
ized von-Mises stress (r=ry) of the ﬂattened asperity at ﬁnal load-
ing and unloading, respectively. The asperity deformation is mainly
localized in the vicinity of the contact. The axial penetration of the
plastic region is comparable to its radial spread. Fully-plastic con-
tact (Jackson and Streator, 2006) is achieved when the entire area
of contact experiences plastic deformation at small dg , after which
a uniform distributions of von-Mises stress (r) can be approxi-
mated in the zone surrounding the contact region (Gao and
Bower, 2006), and there is a narrower distribution of local contact
pressures in the case of plastic ﬂow, because plasticity is a grand
equalizer that drives stress distribution to a uniform tendency
(Pei et al., 2005). Results for linear-hardening asperity are consis-
tent with the uniform distribution of von-Mises stress on the
contact interface for elastic-perfectly plastic material (Liu and
Yang, 2012). During loading, the maximum von-Mises stress
increases with interference, and the zone with a uniform von-
Mises stress expands until a certain load, beyond which the stressFig. 3. r=ry ﬁelds (gk ¼ 0:07; dmax ¼ 0:7; k ¼ 1is concentrated in the region beneath the contact edge, and the
stress ﬁeld expands with the new origin of the stress concentra-
tion. The region with a larger r has a larger equivalent plastic
strain (e). There is no change of the ﬁeld of plastic strains during
unloading. After maximum loading, a prominent reduction of the
maximum von-Mises stress is found, and the plastic strain (e) is
concentrated surrounding the point with the maximum von-Mises
stress created during loading. For large dg , signiﬁcant deformation
of the base bulk is induced. However, analytical models are limited
to small interference without occurrence of complex bulk deforma-
tion (Greenwood and Williamson, 1966; Chang et al., 1987; Zhao
et al., 2000). The concentration of shear stress is located beneath
the contact edge and close to the surface, and the shear stress is
zero on the axial axis, as expected (Peng and Bhushan, 2001). A sig-
niﬁcant drop of shear stress at contact edge is observed.
3.2. Constitutive relations for contact size
Understanding evolution of real contact size has profound
implications in area-dependent properties such as contact stiffness
and contact resistivity (Bowden and Tabor, 1964; Pei et al., 2005;
Yastrebov et al., 2012). Nevertheless, prediction of the real contact
size remains an unresolved problem (Gao and Bower, 2006). Based20 nm) at ﬁnal: (a) loading; (b) unloading.
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intersection of the originally undeformed proﬁle of the asperity
with the ﬂat
ak ¼ arccosð1 KadgÞp ð4Þ
where Ka is a constant (Ka ¼ 2 in Abbott and Firestone, 1933). If
Ka < 2, then Abbott and Firestone’s truncation model overestimates
the contact size; If Ka > 2, then Abbott and Firestone’s model under-
estimates the contact size. dg is chosen as the independent variable,
as it is an important variable that measures the extent of contact
and deformation. Fig. 4(a) shows variation of ak vs. dg under asperity
width of 100 nm and asperity ratio of 0.05 during loading. The
interference used in the present study is very deep into the fully
plastic regime, and is outside the range in previous work (Kogut
and Etsion, 2002; Gao and Bower, 2006), in which the true contact
area is much smaller than the nominal contact area.
With the increase in the load (or dg), the asperity is ﬂattened
out, and more points come into contact. The plot from the
fourth-order polynomial ﬁtting (Zhao et al., 2000) is also included.
Under large interferences, a linear relationship (ak ¼ C1dg þ C2) can





) can be approximated, which consists with the
expression for elastic contact (Zhao et al., 2000). Contact size can-
not be solved using geometrical arguments (Borodich and Persson,
2002), and Abbott and Firestone’s model overestimates contact
size. Under large dg , effect of deformation of the bulk base, on
which the asperity is attached, becomes prominent. The bulk base
plays a role of accommodating plastic deformation and volume
migration. A smaller value of Ka (¼ 1:85) should be used in order
to take the volume migration into account. Jackson and Green
(2005) also showed that Abbott and Firestone’s model could not
be justiﬁed by an elastic-perfectly plastic hemispherical contact
against a rigid plane. Although the four-order polynomial expres-
sion predicts contact size well, it requires many constants to be
determined. The modiﬁed truncation model with only one con-
stant is thus preferred. Ka depends on asperity ratios: Ka ¼
2:15gk=ð0:008þ gkÞ under large deformation. With increasing
gk; Ka approaches a constant a little larger than 2 predicted by
truncation model. It is only under large asperity ratios one can sup-
pose that ‘‘one can calculate the total area of contact without
knowledge of the surface topography’’ (Greenwood and Tripp,
1970), while for small asperity ratio, contact size is dependent on
surface topography (i.e. asperity ratio). Under small deformation,
elastic deformation is dominant, and Ka < 2, indicating volume
shrinkage conforming to Poisson’s effect under a compressive con-
tact pressure (Jackson and Green, 2005).
A power-law function can be used for the unloading curves of
contact radius
amaxk  ak ¼ Caðdmaxg  dgÞ
3
; Ca ¼ 25;000g2k ðdmaxg Þ
1:3 ð5Þ(a)
Fig. 4. Variation of contact radius with displacement: (a) comparison between analytica
equations are: y ¼ arccosð1 2xÞ=p for line 1; y ¼ arccosð1 1:85xÞ=p for line 2; y ¼ p
(g=k ¼ 0:08; dmaxg ¼ 0:7; k ¼ 120 nm for line 1; g=k ¼ 0:05; dmaxg ¼ 0:7; k ¼ 1
g=k ¼ 0:03; dmaxg ¼ 0:7; k ¼ 120 nm for line 4).where the superscript ‘‘max’’ denotes the variable at the maximum
loading. amaxk can be calculated from the loading curve. Fig. 4(b) pre-
sents the variation of the normalized contact radius with the nor-
malized displacement during unloading under different asperity
widths k, asperity ratios gk, and maximum displacements d
max
g . In
order to have a better display of the contact radius at the initial
unloading, the range of the ordinate is extended to below zero.
The solid lines are results from Eq. (5). At the initial stage of unload-
ing, elastic recovery makes the material remain in contact with the
ﬂat, and the contact radius remains unchanged, as observed exper-
imentally (Doerner and Nix, 1986), and the ﬂat punch assumption
used in the analysis of unloading is adequate for the initial unload-
ing. About 5% of the unloading process can be regarded to be of a
constant contact size. However, how much percentage of unloading
that can be regarded to be of constant contact size, depends on dmaxg
and asperity ratio gk. The percentage increases with the decrease of
the asperity ratio. An abrupt drop of contact radius is found at ﬁnal
stage of unloading and the platen is separated from the asperity in
the end due to the enforced mechanical retreat. The decrease of the
contact radius during unloading does not mean the recovery of the
contact impression. In fact, the contact impression due to plastic
deformation is unchanged during unloading.3.3. Constitutive relations for contact pressures
Fig. 5(a) shows the variations of pm=ry and p=ry with dg under
different dmaxg during both loading and unloading. Loading curves
follow the same trace, and contact load increases continuously
with increasing displacement. The hysteresis in one loading–
unloading cycle is attributed to plastic dissipation (Pei et al.,
2005). Unloading curves for mean contact pressure pm under differ-
ent dmaxg are not parallel to one another. The unloading curves for
nominal contact pressure p can be approximated to be parallel,
implying that characterization of elastic properties of the indented
material from the unloading load–displacement curves is indepen-
dent of the maximum indentation displacement. Unloading curves
are nonlinear and dependent on dmaxg . The unloading p vs. dg curve
is slightly concave up over its entire span, and most non-linearity is
attributed to the lowest portion when the asperity is losing contact
with the platen, which is a typical feature of unloading curves in
indentation experiments (Gadelrab and Chiesa, 2013). The elastic
recovery during unloading is much larger than that observed in
sharp indentation of metals with ﬂat surfaces, in which most of
indentation displacement is accommodated by plastic deforma-
tion, and only a small portion is recovered during unloading
(Oliver and Phar, 1992). The larger elastic deformation for contact
of asperities and a rigid ﬂat is because there is no stress concentra-
tion around the contact edges, and the elastic recovery occurs uni-
formly around the periphery of the impression. Similar results
were also found in Liu et al. (2012).(b)
l models and simulation results for loading under k = 100 nm, gk = 0.05 (the ﬁttingﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:49x4 þ 0:62x3  0:52x2 þ 0:28x for line 3); (b) curve-ﬁtting of unloading results
00 nm for line 2; g=k ¼ 0:05; dmaxg ¼ 0:95; k ¼ 100 nm for line 3;
(a) (b)
Fig. 5. Responses of contact pressures: (a) variation of pm=ry and p=ry with dg under various d
max
g (k = 100 nm, g/k = 0.05); (b) pm=ry vs. dg under different combinations of E
and m, but the same E (k = 120 nm, gk = 0.08).
M. Liu / International Journal of Solids and Structures 51 (2014) 3642–3652 3647A parameter characterizing surface resistance to plastic defor-
mation, is introduced as: w ¼ gkE=ry. E is plane strain modulus
and deﬁned as E ¼ E=ð1 m2Þ. The resistance to plastic ﬂow varies
in inverse proportion to w. For low value of w (or gk), the contact is
elastic–plastic, plastic deformation is constrained below the sur-
face, and plastic strains remain small, under which conditions,
mean contact pressure pm never reaches the material hardness
(Gao et al., 2006). For the reference material, E ¼ 72:85 GPa, and
w  221gk) is so large that the contact pressure quickly approaches
a constant distribution; the asperity experiences fully plastic
deformation under a small displacement; and pm reaches the mate-
rial hardness H very quickly after the initial loading, consistent
with the ﬁnding in Liu et al. (2012). The majority part of deforma-
tion is fully-plastic under large deformation, and the plastic defor-
mation mode is the major mode of deformation. Purely elastic
deformation is limited to a very small load, and can be neglected.
Fig. 5(b) shows the variation of normalized mean contact pres-
sure pm=ry with dg under different Poisson’s ratios, but a constant
plane strain modulus E. Contact responses are only dependent on E,
highlighting the important role of E in contact behavior, and it is
the combined contribution from E and m that determines the con-
tact responses for both small and large deformations.
Fig. 6(a) shows pm=ry vs. dg curves under various asperity ratios,
since it is expected that contact pressures depend on contact
geometry (Gao et al., 2006). The mean contact pressure pm is nor-
malized by yield strength ry, because it is found the normalized
result is independent of the selection of material properties
(Kogut and Etsion, 2002). The inﬂuence of surface topography on
the mean contact pressure was left to future study in Jackson
and Streator (2006), and effect of surface roughness on mean con-
tact pressure has been found for the elastic contact (Hyun et al.,
2012). In our study, inﬂuences of asperity ratios on the contact
responses of large deformation are explored. Nonlinear behaviors
exist between the load and area for elastic and elastic–plastic
deformation stages. Under small asperity ratios (gk < 0:01), the
asperity responds elastically for small interference, then reaches
the elastic–plastic contact with increasing pm; under large asperity
ratios, the asperity experiences plastic deformation almost as soon
as the contact occurs, and reaches fully plastic deformation at a
very small interference. Previous expressions relating pm and dg
for elastic–plastic contact (pm ¼ C1 þ C2 lndg (Zhao et al., 2000),
pm=ry ¼ C1dm1g (Kogut and Etsion, 2002)) are only applicable to
small dg . During elastic–plastic contact, elastic and plastic strains
are comparable, and mean contact pressure never reaches hard-
ness for small asperity ratios.
The decrease of critical dg corresponding incipient of fully
plastic deformation and the increase of pm with increasing gk can
be explained by noting larger asperity ratios make strain hardening
more easily, resulting in a higher stress at smaller dg . Volume
migration to the bulk base, and deformation of the bulk base
are retarded for large asperity ratios. The lateral constraining
enhanced by the strain hardening of asperities with large gk makespm continue increasing with dg after fully plastic contact is reached,
since contact pressure becomes larger under stronger lateral con-
straint (Chen et al., 2011).
The stage where the mean contact pressure remains constant
corresponds to fully plastic deformation (Zhao et al., 2000). Under
small asperity ratios, a plateau equation is applicable for the load-





; p1 ¼ 4:93g0:15k ; p2 ¼ 0:00027g1:39k for gk 6 0:1
ð6Þ
The maximum mean contact pressure achieved at fully plastic
contact is hardness H (Tabor, 1951), and equal to ﬂow pressure
(Kucharski et al., 1994). It is only under small gk, that hardness
can be approximated to be a constant value, which is also depen-
dent on asperity ratios. For small gk, hardness increases with gk.
For materials with strain hardening, the simple relation H ¼ 3ry
for elastic-perfectly plastic materials does not hold. Deviation of
H=ry from the value about 3 was also found in Pei et al. (2005).
Gao et al. (2006) found the dependence of the maximum mean
contact pressure on both material properties and geometrical
parameters. Jackson and Green (2005) found that the ratio of hard-
ness over the yield strength depended on the deformed contact
geometry and material properties for elastic-perfectly plastic
hemispherical contact against a rigid ﬂat.
Under large asperity ratio gk, a constant plateau of mean contact
pressure pm cannot be achieved under large dg , and pm increases
with dg for linear hardening material, in agreement with the results
in Brizmer et al. (2006). The deviation of mean contact pressure
from a plateau was also found in Mesarovic and Fleck (2000),
owing to a failure of the assumptions of inﬁnitesimal strain kine-
matics and boundary condition of uniform velocity in the similar-
ity solution (Mesarovic and Fleck, 1999). Under large asperity
ratios, mean contact pressure in the limit of full contact also
increases with gk, which is the same as the case for linear elastic
material (Gao et al., 2006) (since the unlimited linear strain-
hardening law is similar to linear elastic behavior), and elastic-
perfectly plastic material (Gao et al., 2006) (since Et is so small that
the material considered can be regarded to be the elastic-perfectly
plastic material (Kogut and Etsion, 2002)).
The complex behaviors under large asperity ratios can be
ignored in real applications, since the typical values of asperity
ratios are between 0.0001 and 0.1 (Jackson, 2010). It is worth not-
ing that it is not always that mean contact pressure increases with
displacement, and the decrease of pm with increasing interference
in ﬁnite deformation regime was found by many studies (Chaudhri
and Hutchings, 1984, 1987; Timothy et al., 1987; Mesarovic and
Fleck, 1999, 2000; Kogut and Komvopoulos, 2004; Jackson and
Green, 2005; Jackson, 2010). Relationship between hardness and
yield stress is unclear. Analytical models for plastic contact with
the assumption that mean contact pressure at the inception of
(a) (b)
(c) (d)
Fig. 6. Modeling of contact pressure: (a) loading results for pm under different asperity ratios (k = 120 nm); (b) curve-ﬁtting of unloading pm curves (g=k ¼ 0:08; dmaxg ¼
0:7; k ¼ 120 nm for line 1; g=k ¼ 0:05; dmaxg ¼ 0:7; k ¼ 100 nm for line 2; g=k ¼ 0:05; dmaxg ¼ 0:99; k ¼ 100 nm for line 3; g=k ¼ 0:01; dmaxg ¼ 0:7; k ¼ 120 nm for line 4); (c)
effects of asperity ratios on CF and mF under large deformation (k = 120 nm); (d) curve-ﬁtting of unloading p curves (g=k ¼ 0:08; dmaxg ¼ 0:7; k ¼ 120 nm for line 1;
g=k ¼ 0:05; dmaxg ¼ 0:99; k ¼ 100 nm for line 2; g=k ¼ 0:05; dmaxg ¼ 0:7; k ¼ 100 nm for line 3; g=k ¼ 0:01; dmaxg ¼ 0:7; k ¼ 120 nm for line 4).
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single asperity geometries, contact mechanics predicts H  3ry
(Johnson, 1985)) (Archard, 1957; Greenwood and Williamson,
1966; Bowden and Tabor, 1964, 1967; Chang et al., 1987; Kogut
and Etsion, 2002), are questionable. So are hardness-based vari-
ables such as the plastic index (Greenwood, 2006) and the critical
interference at the inception of yielding (Chang et al., 1987), since
hardness depends on geometrical parameters, which was found in
both experimental and numerical studies (Johnson, 1968; Jackson
and Green, 2005; Li et al., 2010).
If the ratio of the normal load to the maximum allowed tangen-
tial force is a constant, which is the friction coefﬁcient in the
classical Coulomb’s laws of friction, the limit friction force is not
always proportional to the real contact area since the ratio of
normal load over real contact area is not a constant under some
conditions. Taking account of the inﬂuences of the normal loading
and geometrical parameters on the static friction coefﬁcient shown
in many works (Chang et al., 1988; Xie et al., 2000; Johnson, 2000;
Liu et al., 2002; Etsion et al., 2005), the validity of the academic
assumption that the limiting friction force is proportional to the
real contact area requires friction coefﬁcient varies with load (or
contact area) the same way as normal load varies with contact
area.
Fig. 6(b) shows a power-law function is applicable to the rela-
tion between mean contact pressure and displacement during
unloading
ðpmaxm =ryÞ  pm=ry ¼ Cpðdmaxg  dgÞ
0:89
; Cp ¼ 152g0:82k d0:53max ð7Þ
The variation of the normalized nominal contact pressure p=ry
with the normalized displacement dg during loading can be repre-
sented by the power-law function derived by Sneddon for any
punch with a proﬁle of revolution of a smooth function (Harding
and Sneddon, 1945; Sneddon, 1965)
p=ry ¼ CFdmFg ð8Þ
where CF and mF describe the stiffness of contacting surfaces. The
larger CF and mF , the stiffer the contacting solid. Effects of asperity
ratios on CF and mF are displayed in Fig. 6(c). mF is within the range
between 1.2 and 1.6. Under small asperity ratios, CF ¼ 6:94g0:45k .Fig. 6(d) shows a power-law function can be used for the nor-
malized nominal contact pressure vs. the normalized displacement
during unloading
ðpmax=ryÞ  p=ry ¼ Cf ðdmaxg  dgÞ
0:89
; Cf ¼ 173gkd0:82max ð9Þ
If Oliver and Phar’s power-law function is used for unloading
curves, then
p=ry ¼ CIðdg  dfgÞ
1:27 ð10Þ
where superscript ‘‘f’’ denotes the value at ﬁnal unloading. The
exponent 1.27 is within the range (between 1.2 and 1.6) observed
from a large number of materials (Oliver and Phar, 1992). A varia-
tion of about 5% of the exponent is observed, which is small and
can be neglected. The power law exponent is distinctly larger than
one, which implies that the whole unloading curve is nonlinear and
different from ﬂat punch behavior at initial unloading. The unload-
ing p vs. dg curves under different d
max
g can regarded to be parallel to
one another with the same initial slope. For gk 6 0:1, the unloading















Residual displacement is correlated to surface topography infor-
mation (Pei et al., 2005): a smaller asperity ratio gk results in a
smaller normalized residual displacement dfg , consisting with that
smoother surface corresponds to smaller residual separation (Pei
et al., 2005). The elastic recovery dmaxg  dfg
 
increases with the
increase in dmaxg , and with the decrease in gk, which can be
explained by noting that the occurrence of more plastic deforma-
tion and work hardening in the asperities with larger asperity
ratios hinders the elastic recovery, and is in agreement with the
ﬁnding that larger tip radius of curvature (i.e. smaller gk) makes
the unloading of elastic-plastically loaded asperities more elastic
(Kadin et al., 2006).
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unloading is linear due to the constant contact area in the initial
stage of unloading, which validates the ﬂat punch approximation
used in the analysis of initial unloading, and can be justiﬁed by
experimental observation. Simple power-law relations can be used
to describe the large contact deformation of an isolated asperity,
consisting with the asperity contact theories (Carbone and
Bottiglione, 2008), and applicable to a sphere (Kucharski et al.,
1994; Kogut and Etsion, 2002; Jackson and Green, 2005; Etsion
et al., 2005), in spite of complex relations for elastic–plastic contact
(Zhao et al., 2000), and highly nonlinear material behavior (Pei
et al., 2005).
3.4. Initial unloading stiffness and effective elastic modulus
The initial unloading stiffness S, which is the slope of F vs. d curve
at the initial unloading andmeasured from the upper portion of the








For axisymmetric contact problem, effective modulus can be
calculated as
Eeff ¼ S2a ð14Þ
Fig. 7 display effects of asperity width k, the maximum displace-
ment normalized by asperity height dmaxg , and asperity ratio gk on
S=ðkEÞ and Eeff =E, respectively. S is obtained by linear ﬁtting of
the upper portion ( 10%) of the unloading simulation results.
Eeff is calculated from Eq. (14).
S increases linearly with k, indicating that the contact problem
of an asperity can be scaled with asperity width. Both linear and
power-law functions are applicable to express relationship
between S=ðkEÞ and dmaxg . Under small asperity ratios, a power-
law relationship exists between S=ðkEÞ and gk. The contact solid
becomes stiffer with the increase in gk. It can be deduced that
S
kE
 1:245g0:13k d0:75max ð15Þ(a)
(c)
Fig. 7. Dependence of S=ðkEÞ and Eeff =E at initial unloading on (a) k (gk = 0.05, dmax = 0.6
Eeff =E on the ﬁtted proportion of the unloading curve (gk = 0.05, k = 100 nm, d
max
g = 0.95)The results under small dmaxg is less accurate due to the fewer
contact elements. Dependence of calculated Eeff on k; d
max
g , and gk
is due to numerical error. Different from stiffness and hardness,
elastic modulus is indeed a property of material, since Eeff is found
to be a constant irrelevant to geometrical and loading parameters
including k; gk, and d
max
g . The relationship between the initial
unloading stiffness and the effective modulus is universal and
applicable to not only spherical and cylindrical geometries, but
also to other geometries (Oliver and Phar, 1992; King, 1987). A
small difference between the calculated Eeff (from Eq. (14)) and
the input E is observed: a small overestimation for all the cases cal-
culated from the upper 10% of the unloading curve, which is con-
sistent with the result obtained in Cheng and Cheng (2004),
Troyon and Huang (2005) and Shim et al. (2007), but different from
that in Chudoba and Jennett (2008), in which the calculated one
was smaller than the reference one. A correction factor 1.07 is
noted, which is consistent with the value in Gadelrab and Chiesa
(2013).
The elastic normal contact stiffness is valid as long as the plastic
deformation can be avoided (Buczkowski and Kleiber, 2006).
Fig. 7(d) presents effect of the proportion of the unloading curve
on the calculated Eeff . Eeff is found to be signiﬁcantly dependent
on the proportion of the unloading curve, which was also observed
in Jennett and Meneve (1998) and Kaupp (2006). Under very small
proportion or close to the initial unloading, the calculated Eeff
should have been close to the input E. However, there is a signiﬁ-
cant overestimation of Eeff if the ﬁtted proportion of the unloading
curve is small. The overestimation can be as large as 25%, which
was also found in Gadelrab and Chiesa (2013). The reason for the
signiﬁcant overestimation under a small ﬁtted proportion, is
because the elastic solution (Sneddon, 1965) does not take radial
displacement into account. A subtle correction factor is needed to
account for the radial displacement inside the contact region
(Hay et al., 1999) as well as outside the contact region. At the initial
unloading, radial displacement has non-negligible effect on the
elastic contact. The proportion should not be too large either,
under which condition, the linearity of the unloading curve does
not hold. Using an appropriate proportion 10  20% of the unload-
ing curve for the linear ﬁtting is essential for accurate measure-
ment of effective elastic modulus, which could be a physically(b)
(d)
); (b) dmaxg (gk = 0.05, k = 100 nm); (c) gk (k = 120 nm, dmax = 0.7); (d) dependence of
.
(a) (b)
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displacement into account.
3.5. Elastic recovery and plastic dissipation
Etsion et al. (2005) found residual interference dfg is propor-
tional to Eamaxk =p
max
m for contact between a hemispherical body
and a rigid plane. Fig. 8(a) shows the proportional relation for
the spherical contact is not applicable, while a linear function
can be used for the contact between a sinusoidal proﬁle and a rigid
plane. The intercept is due to the non-uniform curvature of the
sinusoidal asperity, and can be regarded to be a ﬁngerprint of sinu-
soidal shape.
Plastic energy dissipated after one loading/unloading cycle is
expressed as
Up ¼ Ut  Ue; Ut ¼
Z dmaxg
0




where Ut represents the dimensionless work done to deform the
asperity during loading, and Ue represents the elastically recovered
work during unloading. They are areas under the loading and
unloading curves by integrating p=E vs. dg curves.
An elastic–plastic-loading index, K, was proposed as K ¼ UpUt
(Etsion et al., 2005). For spherical contact of an elastic-perfectly
plastic material, it was found that K was equivalent to the residual
displacement (Etsion et al., 2005), indicating little effect of dmaxg , as
would be expected (Kadin et al., 2006). Fig. 8(b) shows effect of the
normalized maximum interference on the relative residual inter-
ference (dfg=d
max
g ) and the plasticity index. A close association
between the plasticity index and the relative residual interference
can be seen. It was found K ¼ 1 for fully plastic contact (Kadin
et al., 2006), while our results show K cannot reach 1.4. Conclusion
Both loading and unloading processes of frictionless normal
contact between a rigid plane and an elastic–plastic asperity fea-
turing a sinusoidal proﬁle are numerically investigated under large
deformation. Effects of geometrical parameters are studied. The
obtained empirical dimensionless relations for pressure (or contact
size)-displacement elucidate contact responses of a unit event for
multiple-asperity contact, and can be incorporated into statistical
models of rough surfaces. Bulk deformation cannot be neglected
for large deformation of an asperity attached to a bulk. A slight
modiﬁcation of geometrical truncation model for contact size suf-
ﬁces to take account of plastic deformation of the bulk under large
interference. In order to calculate the contact area, it is necessary
to characterize the surface topography due to the dependence of
contact radius on asperity ratio. The contact between an asperity
and a rigid ﬂat results in much more elastic recovery during
unloading than the sharp indentation of ﬂat samples.Sharp asperities (large asperity ratios) experience fully-plastic
deformation under light load, while blunt asperities (small gk)
experience elastic–plastic deformation under heavy load, consist-
ing with the ﬁnding in Buczkowski and Kleiber (2006). Larger gk
corresponding to rougher surface and larger value of plastic index
(Greenwood and Williamson, 1966), makes the yield more easily
and the contact more plastic (Liu et al., 2012), and thus plastic
strains increase with gk, due to smaller resistance to radial expan-
sion imposed on the deﬂected material. Although the transition
from elastic to elastic–plastic behavior is found to be independent
of the asperity ratio (Gao et al., 2006), the transition from elastic–
plastic to fully-plastic behavior is dependent on the asperity ratio.
Asperity ratios have appreciable effects on contact pressures. It is
only under small gk, that mean contact pressure asymptotically
approaches a constant plateau or hardness. Under large gk,
although the contact is fully plastic, pm continues increasing with
dg . The area grows with load to maintain a nearly constant mean
contact pressure pm during loading, which was widely observed
in many studies (Archard, 1957; Kucharski et al., 1994; Pei et al.,
2005; Jackson and Streator, 2006; Liu et al., 2012), under small
asperity ratios. However, a constant mean contact pressure does
not exist, and mean contact pressure continues increasing for lin-
ear hardening materials under large gk. Effect of strain hardening
becomes more prominent with increasing asperity ratios.Acknowledgments
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